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LETTER TO THE EDITOR

Universal R-matrix for non-standard quantum si(2, R)
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Departamento deifica, Universidad de Burgos, Pza. MisaefBalos, E-09001, Burgos, Spain

Received 26 March 1996

Abstract. A universal R-matrix for the non-standard (Jordanian) quantum deformation of
sI(2, R) is presented. A family of solutions of the quantum Yang—Baxter equation is obtained
from some finite-dimensional representations of this Lie bialgebra quantizatigi2omR).

The quantum Yang—Baxter equation (YBE)
R12R13R23 = Ro3R13R12. (1)

was discovered to play a relevant role as the integrability conditiofiferl) quantum field
theories [1] and also in connection with two-dimensional models in lattice statistical physics
[2], conformal field theory [3] and knot theory [4]. It is now well known that investigation
of the algebraic properties of this equation and the obtaining of new solutions are closely
related to the study of quantum groups and algebras [5].

In fact, let.A be a Hopf algebra and I& be an invertible element il ® A such that

0 oA(X)=RAX)R? VXeA 2)

where o is the flip operatoroc(x ® y) = (y ® x). If we write R = Y, a; ® b;,
Rir = Zi a; ®b;, ®1, Riz= Zi a; ®1Qb;, Roz = Zi 1® a; ® b; and the relations

(A ®id)R = R13Ro3 (id @ A)R = Ri1zR12 (3

are fulfilled, (A, R) is called aquasitriangular Hopf algebra [6]. In that casé& is easily
proven to be a solution of (1). Hereafter, f is a Hopf algebra an® fulfills both (1)
and (2), we shall say th& is a (quantumlniversal R-matrixfor .A. Obviously, different
representations for the algehrawill give rise to different explicit solutions of the quantum
YBE.

In particular, let4 be a quantum deformatidii, (g) of the universal enveloping algebra
of a Lie algebra. Then, the quasicocommutativity property (2) is translated, in terms of the
Hopf algebra dual to4, into the known FRT relations defining the quantum gréup:. (G)
[5]. Itis also known that eaclV,(g) defines a unique Lie bialgebra structure gthat can
be used to characterize the quantum deformation. For all semisimple Lie algebras, all these
Lie bialgebra structures are coboundaries generated by classitatrices. Ins/(2, R), two
outstanding Lie bialgebra structures can be mentioned: the standard one, generated by the
classicalr-matrix r® = A J. A J_ and the non-standard (triangular) Lie bialgebra given
by the element™ = x J3A J. (A, x € R). The quantization of the former is the well
known Drinfel’d—Jimbo deformation, whose quantum univei®ahatrix was given in [7].
For the latter, the corresponding non-standard quantum algebra is the so-called Jordanian
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deformation ofs/(2, R) [8] (introduced for the first time in [9] in a quantum group setting;
see [10] and references therein and [11], where the non-standard deformatio(2,at)
was constructed). To our knowledge, no quantum univetsaatrix is known for this case
(the R given in [8] is neither a solution of (1) nor verifies (2), as it has already been pointed
out in [12, 13]). The aim of this letter is to provide it.

Let us consider thel(2, R) Lie algebra with the following commutation relations

[J3, Ji] =27, [J3, J_]=-2J_ [Jp, J ] = J3. 4)
The classical-matrix
r=zJ3NJy (5)

is a solution of the classical YBE and it generates the Lie bialgebra structure with
cocommutators given, as usual, &X) =[1 X + X ® 1, r]:

8(J) =0 §(J3) =2z J3 A Jy §(J)=22J_AJs. (6)

This map is the first order (in the deformation paramej)esf the co-antisymmetric part of
the deformed coproduct corresponding to the non-standard quantizatib@2,dR) given [8]
by the relations

AU =10 J,+J,®1
A(J3) = e+ RJ3+ J3Q e+ (7)
AJ)=e v @J_+J_ Qe

sinh(z J)
z

[, /4] =2 [V T 1= s 8)

[J3, J-] = —J_coshzJ;) —coshzJy)J-. 9)

In order to obtain a universak-matrix linked to this quantum algebra, an essential
point is to choose an adequate basis for the deformation. Let us perform a (honlinear)
transformation of the generatof$s, J.., J_} as follows:

A+ frd J+ A = eZJ+J3
A_ =&l — tzelsinhzJ,).

This change of basis leads to a Hopf algebra (denoted hetesy2, R)) with the following
coproduct(A), counit (¢), antipode(y) and commutation rules:

AA) =1 A+ A®eFA (11)
AA)=1@A_+ A_ QR

(10)

€X)=0 for X e {A, A, A} (12)
y(AL) =—Ay y(A) = —Ae 4 y(AD) = —A_e &M (13)
A — 1
[A,AL] = — [A,A_] = —2A_ + zA? [A,, A_] = A. (14)
The quantum Casimir belonging to the centrelbf!(2, R) is now
C. = Laezigy + ]-_67%14_ + A_ﬂ +e x4 1. (15)

2 2z 2z
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Obviously, both Lie bialgebras generated oy, J,, J_} and by{A, A,, A_} are formally
identical, and the classicatmatrix associated t&/,s/(2, R) is alsor =z A A A,.

Now it is important to realize thatA, A, } generates a Hopf subalgebra. Moreover,
this Hopf subalgebra has a known univergaimatrix, as proven in [14].

The main result of this letter can be stated as follows.

Proposition. The element
R =exp—zA; @ AlexplzA ® A,}. (16)
is a quantum universat-matrix for U,sl(2, R).

Proof. The element (16) coincides with the univergamatrix for the Hopf subalgebra
{A, AL} given in [14]. That (16) is a solution of the quantum YBE is a consequence of the
properties of the universdl-matrix [15] from whichR was obtained. Thus, we only need

to prove that property (2) is fulfilled for the remaining generadar. In order to compute

the right-hand side of (2) we have to take into account that

x 1
AU e =AM +Y UL AAD]™ .. ]. (17)
n=1""

By settingf =z A ® A} we find
[ZA® AL, A(AD)] =zAQ A+ z(—2A_ +zA%) @ A &4+

[ZA® AL [ZA® A, A(AD)]] = 2A?® (1 — €54) — 27%(—2A_ + zA%) ® A2 €%,

(18)
It is now easy to check that, far > 3,
FA® A4, ... [2A® AL, A(A]" .. ] = (=" 1" (=24 + z4%) ® A" 54 (19)
Therefore, if we call the following expressign
expizA ® AL JA(AL) expl—zA® AL} = A(A) + A ® A+ 3zA% ® (1 — %)
—% 2: (_nzf)n (—2A_ +zA?) ® A%
=1QA +A @M +7AQ A+ J7A°® (1— €M)
—3(=2A_ +zA%) @ (€M — et
=10A +A ®1+zAQA=¢g (20)
and we compute (17) withf = —z A, ® A andg instead ofA(A_), we shall obtain
[—2A, @A, gl = —2A, ® (—2A_ +zA?) —zAQ A —z(1 — €¥4) ® A2 1)

[—2AL ® A, [-2A4+ ® A, gl]l = —22°A% ® (—2A_ +zA%) +z(1— &%) ® A2
and, forn > 3,

[—zA: @A, ... [-zA; ® A, g]" .. ] = —2""12"A" ® (—2A_ + zA?). (22)



L314 Letter to the Editor

The proof now follows:

exp—zA; ® A} g explzA; ® A} =g —zA® A — Jz(1— €)@ A?
1SN (2zA4)"

"9 I
2 ~ n

Q (—2A_ + zA?)

=1QA_+A_®1—-;z(1-&")@A* - (€ - 1) ® (—24_ +z4%)

=A_ QL+ QA

=o0co0A(A). (23)
Note thatR ! = Ry, and, thereforeR is a triangularR-matrix.

A short digression concerning some representationsUgf/(2, R) can now be
meaningful. Firstly, the two-dimensional matrix representation/@, R) defined by

D(A) = Lo D(Ay) = 01 D(A.) = 00 24
w=(g o) puaa=(g4,) 2ur=(; ) (24)

is also a matrix representation fot.s/(2, R) and it can be used in the FRT approach [5] to
obtain the quantum groupun,(SL(2, R). In such a representation, the univergamatrix
(16) has the form

D(R)=1®1+zD(A) ® D(A;) —zD(A;) ® D(A) — z°D(A)D(A) ® D(A)D(A,)

1 z —z z
01 0 ¢
= (25)
0 0 1 -—z
0 0 O 1

This is precisely theR-matrix introduced by Zakrzewski in [16] and the corresponding
quantumSL(2, R) group is that given in [16, 8].

In contrast, the three-dimensional matrix representatioti,ef(2, R) does not coincide
with the classical one and, in this sense, it can be considered as the first ‘non-trivial’ case.
By assuming that the deformed matrix realization of the primitive generator is

010
D.(A)=|0 0 1 (26)
000

and by imposing the commutation rules (14) to be fulfilled, a straightforward computation
leads to the matrices

2 a b —a+2z ¢ d
D,(A)=] 0 0 a—2z D,(A.) = 2 2z b+c (27)
00 -2 0 2 a

wherea andb are arbitrary and, d are given by
c= %(Zaz —2b—ad?

d=3Ya’z+2bz—2az°-2ab (8)
= 3@ z+2bz az ab).



Letter to the Editor L315

Since D.(A,)® vanishes, the universa&-matrix (16) is realized as
D.(R) = (1—zD.(A4) ® D.(A) + 32°D.(A1)* ® D.(A)?)

x(1+zD.(A) ® D.(Ay) + 32°D.(A)* ® D.(A4)). (29)
Explicitly, D,(R) is the following solution of the quantum YBE
1 2z 2722 -2z 0 —bz4az? 272 bz—az? 0
0 1 22 0 O 272 0 0 bz —az?+273
0 0 1 0 O pid 0 0 272
00 0 1 0O 0 -2z 272 —bz+az?-27°
=10 0 O 0o 1 0 0 0 0
0 0 O 0O O 1 0 0 2
0 0 0 0 O 0 1 -2z 272
0 O 0 0 0 0 0 1 -2z
0 0 O 0O O 0 0 0 1
(30)
Actually, if we definep = —bz + az?, we can reduce this solution to a two-parameter
R-matrix.

Note also that a differential realization of the commutation rules (14) (with + %)
as the induced eigenvalue of the quantum Casimir (15)) can be obtained by defining

B! e 41

A 3 — A AL =x
Z 2 (31)
A __eZU‘—lasz)Lez”+18 _Zkze&x—l
_= 5. O N g
The z — 0 limit of (31) is the usual second-order differential realizatiorns kg2, R)
A=2x0, —Ar A =x A =—x3+10, (32)

with the same eigenvalue(n + %) coming from the classical limit of (15).

Finally, we would like to stress again the fact that the use of different basis of the
same quantum algebra can be helpful in order to find the associated qu&atoatrix.
On the other hand, a complete and systematic study of the representation theory of this
non-standard deformation seems worth to be done in order to find new matrix solutions of
the quantum YBE linked td/,s/(2, R).

This work has been partially supported by DGICYT (Project PB94-1115) from the Ministerio
de Educadn y Ciencia de Esji.

Note added in proofAfter submission of this letter we were informed of the paper [17], where another expression
for a quantumr-matrix of the non-standard deformation @{2, R) has been given.
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